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Abstract

The spectrum, the left (right) spectrum, the approximate point (de-
fect) spectrum and the point spectrum of forward (backward) unilat-
eral shift on co, ¢, lx, £p, as well as of forward (backward) bilateral
shift on ¢o(Z) and £,(Z), p > 1, are determined.

1 Introduction

Let C be the set of all complex numbers and let X be an infinite dimensional
complex Banach space. We use B(X) to denote the set of all bounded linear
operators on X. This is a Banach algebra. Let I denote the identity oper-
ator. The group of all invertible operators is denoted by B(X)™!, while the
semigroups of left and right invertible operators are denoted by B(X); ! and
B(X); !, respectively. For A € B(X) we use N(A) and R(A), respectively,
to denote the null-space and the range of A.
The spectrum of A € B(X) is

o(A) =0(A)Uo.(A), (1.1)
where

o(A) = {AeC:A— X\ isnot left invertible},
0.(A) = {AeC:A— A\ isnot right invertible}



are the left and the right spectrum of A, respectively.
For A € C and A € B(X) the following implication holds [3, Posledica
5.3.3]:
A > ||A = A— M € B(X)™ !, (1.2)

and hence,
o(A) C e C: Al < A} (13)

The point spectrum of A is defined by
op(A) = {X € C: A — X is not injective}.
The injectivity modulus (minimum modulus) of A € B(X) is defined as

J(A) = inf ||Aa].

[[=]|=1
We immediately obtain that ||Az| > j(A)||z]| for every x € X, and

J(A) =max{c >0 : ||Azx| > c||z||, for every z € X}.
An operator A € B(X) is bounded below if there exists some ¢ > 0 such that

cllz]| < ||Az]|, for every z € X.

It is easy to see that A is bounded below if and only if j(A) > 0.

Recall that A € B(X) is bounded below if and only if A is injective and
R(A) is closed (see [3, Teorema 4.7.2]).

The approximate point spectrum of A is defined by

0q.(A) ={X € C:A— Al is not bounded below},
while the approximate defect spectrum of A is defined by
o5(A) ={A € C: A— A is not surjective}.

For K C C, 0K denotes the boundary of K.
For A € B(X) it is well-known that (see [3, p. 186, 187, Teorema 5.9.13,
Posledica 5.9.18])

0p(A) Co.(A) C oA, .
os(A) C o.(A), (1.5)

[\]



as well as,
Jo(A) C og.,(A)Nos(A) Co(A)No.(A). (1.6)

The spectra o,(A), os(A), 0,(A), 0,(A) are always closed and non-empty,
while the point spectrum o,(A) can be non-closed and empty.
If Ae B(X)™!, then [3, Teorema 5.4.12]

(AT ={Ax1:Aea(A)}). (1.7)

Let Ng = NU{0} and let CM be the linear space of all complex sequences
x = (21){25. Let lo, ¢ and ¢o denote the set of bounded, convergent and null
sequences. We write £, = {z € CNo : S0 |7, [P < +00} for 1 < p < oo. For

n=0,1,2,..., let e™ denote the sequences such that ! = 1 and e,(cn) =0
for k # n. The forward and the backward unilateral shifts U and V are linear
operators on CNo defined by

Ue®™ — o) and Vet — e("), n=0,1,2,....

Invariant subspaces for U and V' include ¢y, ¢, {5 and £,, p > 1. Recall that
for every 1 < p < o0,
ly Cl, CcoCcCly, (1.8)

and for each X € {co, ¢, 0,0}, U, V € B(X) and ||U|| = ||[V]|| = 1. On the
Hilbert space ¢, we also have that V' = U*, where U* is the Hilbert-adjoint
of U.

2 Spectra
We shall write D={A € C: |A\| <1} and S={A € C: || =1}.

Theorem 2.1. For each X € {co,¢,lo0,p}, p > 1, and the forward and
backward unilateral shifts U, V € B(X) there are equalities

75(U) = 0,(U) = o(U) = D, (21)
0. (V) =0(V)=0(V) =D.



Proof. From

U=Vl =1, (2.3)
according to (1.3), it follows that
o(U)Uo(V)cCD. (2.4)

Observe that VU = I,
VI-UV)=0#1-UV,

and also
NWV)=(I-UV)X #{0}. (2.5)
From (2.3) and (1.2) it is clear that
N <l=1-\Ue€B(X)" (2.6)

For |\| < 1, since V.— A= V(I — A\U), from (2.5) and (2.6) it follows
NV =) =(V-=XN"10) =T - XU)'VH0) # {0}. (2.7)
This means that V' — Al is not injective for A € C, |A| < 1, and hence,
{AeC: |\ <1} Ca(V)Co(V)cCa(V). (2.8)
Since 0,(V) is closed, from (2.8) we obtain
DCo,(V)CTaoV)Ca(V). (2.9)

It is obvious that e(®) ¢ R(U). Suppose that A € C and 0 < |\| < 1. We show
that e(© ¢ R(A —U). If there exists z = (z,){°5 such that (\] —U)z = e,
then

()\(L’(),)\$1 —1‘0,)\1’2 —1‘1,...) = (1,0,0,)

and hence
1 1 1

Xa ﬁa Fa s )7
which is not a bounded sequence and so, it is not in X.

Therefore, A\I — U is not surjective for every A € C such that |A| < 1 and
hence,

v =

{AeC: |\ <1} Cos(U) Co.(U) CaU).
As 05(U) is closed, from the last inclusion we get
D Cos(U) Co,.(U) Ca(U). (2.10)
From (2.4), (2.9) and (2.10) it follows (2.1) and (2.2). O
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Theorem 2.2. For each X € {co,c,loo,lp}, p > 1, and the forward and
backward unilateral shifts U, V € B(X) there are equalities

o,(U) =0(U) =8, (2.11)

and
os(V)=0,.(V)=S. (2.12)

Proof. For A # 0, |[A\| < 1, since |A\|7! > 1 = ||[V]| it follows that V — A\7!T €
B(X) ! by (1.2). As VU = I, we have

VI —U)=\V =T =XV =A"1),

and consequently, A\I — U € B(X);'. Since also U € B(X);!, for every
A € C such that [A\| < 1 we have that A ¢ 0y(U) and since 0;(U) C o(U) =D
(Theorem 2.1), we conclude that

a(U) CS. (2.13)
From (2.1), (1.6) and (1.4) we get
S=00(U) C a,(U) C a(U). (2.14)

Now, from (2.13) and (2.14) we obtain that o,(U) = 0,(U) = S.
For A # 0, [A] < 1, since [A\|7! > 1 = ||U]|, from (1.2) it follows that
A —U € B(X)™! and since VU = I, from

VXM=V -ANVU=AV\'-U)

we conclude that V' — A is right invertible as a product of one invertible and
one right invertible operator. As also V € B(X). !, we have that A ¢ o,.(V)
for every A € C such that |A| < 1 and since 0,(V) C (V) = D, we conclude
that

o.(V) CS. (2.15)

From (2.2) we have that do (V') =S and from (1.6) and (1.5) it follows that
S Cos(V) Ca (V). (2.16)

Now, (2.15) and (2.16) imply (2.12). O



Remark that 0,(U) = 0. Indeed, U is injective and for A # 0, from
(U — X)x =0 for x = (xg, 21, xe,...) it follows that (—=Axg, z¢9 — Ax1, 21 —
AT, ...) =(0,0,0,...), that is

—)\ZZ'O:O, .I'O—)\Llilzo, ZCl—)\iCQIO,...,

and hence, xg = 0,2y = 0,20 =0,...,1i.e. x =0.
Let A € C such that |A| < 1. Consider the sequence

2y = (LA AZ N,

From [A[P < 1, for 1 < p < +00, it follows that 3,5 |\E[P = ST (IAP)F <
+00 and so, x € {,. According to the inclusions (1. 8) we have that z) € X
for each X € {Ep,co,c, o}, p > 1.

Since ) # 0 and

Vay= (A5 0A ) = ML A AL = Ay,
we conclude that V' — Al is not injective and hence, A € ¢,(V'). Therefore,
{AeC: |\ <1} Coy(V). (2.17)

Let A € C, [\ =1 and (V= Nz = 0 for z = ()2 € X, where
X e{ly,co}, p>1. Then (z1,29,23,...) = (Axg, A1, Axa,...) and so,

$1:)\.CCO, 513'2:)\%1, $3:)\£C2,... .
Therefore, for n € N we have
T = A2y, To = Ax1 = Nxg, ... |, x, = \"a. (2.18)

Since hm x, = 0, it follows that hm |z,] = 0. As |[\| = 1, from (2.18) it
follows that |z,| = |xo| for all n € N and hence, hm |z, = |xo|. Therefore,

o =0and so, x; =0 for all i € N, i.e. z =0. Consequently, A ¢ o,(V), and
hence
Snao,(V) = 0. (2.19)

Since 0,(V) C o(V) =D, from (2.17) and (2.19) it follows that

a,(V)={AeC: |\ <1}



We remark that o,(V) is not a closed set.

Now we consider the backward shift V' on ¢. For the sequence e =
(1,1,...) we have that e € ¢, e # 0, Ve = e, and so 1 € g,(V). Let
AMNeC, Al =1, A#1and (V= N)x =0 for z = (23);2 € ¢. According to
(2.18) we have that

x = (20, A\wo, N220, Nx0,...) = 2o(1,\, A3 03, .)€ e (2.20)

Since |A\| = 1 and X # 1 the sequence (1, A\, A%, A3, ...) does not converge and
hence from (2.20) it follows that o = 0. Consequently, z = 0 and we get
that V' — X is an injection for all A € C such that |\| =1 and A # 1. Now
from (2.17) we conclude that

o, (V)={reC: |\ <1} U{l}.

We remark again that o,(V') is not closed.

Consider the backward shift V on /.. Let A € C and |A\| = 1. Then z) =
(L,AN A ) € Lo, Ty # 0 and Vi, = Az and hence, A € o,(V).
Therefore, S C 0,(V'), which together with (2.17) gives D C 0,(V) C o(V) =
D, and so

(V) =D.

Let CZ be the linear space of all complex sequences = = (zj)>° . Let
co(Z) be the set of all sequences x = (z1)>° __ such that lim x = lim z_; =
- k—o0 k—o00

0, i.e. 7 — 0 when |k| — oo. For x = (23);2° __ € co(Z) set ||z|| = sup |z].
k

k=—o00

We write £,(Z) = {x € C% : Y/ _|axP < oo} for 1 < p < oo, and for

k=—0o0
v = (3 € L(Z), ] = (552 |axl?) ", Remark that co(Z) and
(,(Z) are Banach spaces.
For k = ...,—2,—1,0,1,2,..., let 6*®) denote the sequences such that

(5lik) =1 and (5i(k) = 0 for ¢ # k. The forward and the backward bilateral
shifts W, and W, are linear operators on C? defined by

Wie® = ¢+ and Wes*tD =6® k= -2 -10,1,2,....

Obviously, ¢o(Z) and ¢,(Z), p > 1 are invariant subspaces for Wy and W,
and W;' = Wy. For each X € {co(Z),4,(Z)}, Wy and W, are isometries.
On the Hilbert space ¢5(Z) we have that Wy = W/, that is W, and W, are
unitary.



Theorem 2.3. If X is one of ¢o(Z) and (,(Z), p > 1, then for the forward
and backward bilateral shifts Wy, Wy € B(X) there are equalities

Proof. Since
WAl = W2 =1, (2.22)
from (1.3) it follows that

Let A € C such that 0 < |[A\| < 1. Then 1/|A\| > 1 = ||Ws]| and from (1.3)
it follows that 1/\ ¢ o(W,) = o(W; ') and hence \ ¢ o(W);) according to
(1.7). From (2.23) it follows that

O'(Wl) C S.

Suppose that A € C, |\| = 1. We prove that R(A — W;) does not contain
6O For v = (1) € X, from (Al — W)z = 0 we get

k=—o00

ceey )\$_2—$_3:0, )\13_1—.%'_2:0, )\Io—x_l :1, )\l’l—IO:O, /\Ig—xl :O, ceey

and hence
T1 = 110, To = 5T0, T3 = T
1 — 340, 2 — 3240 3 — 340y - -
T_9 = )\3371, r_3 = )\21',1, e
From lim zx = 0, lim z_; = 0 and |A] = 1 we conclude that z, = 0 and
k—o0 k—oo

z_1 = 0 which contradict the fact that Azg—x_;=1.
Consequently, o(WW;) = S, and hence also

o(Wy) =W ={A1: Aea(W)} =S.

From (2.23), (1.6), (1.4), (1.5) and (1.1) it follows that
0a(Wi) = 05(Wi) = oi(W;) = 0,(Wi) =S, i =1,2.

We shall prove that o,(W;) = 0,(Ws) = 0.
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Let A
14

€C, [N =1and (M —Wy))x =0forx = (1) _ € X, X €
{c(2), 6,(2)},

k=—oc0
p > 1. Then
oy M9 —x_3=0,A\z_1—2x_9=0,\xg—x_1=0, \x1—290=0, A\zg —2; =0, ....

Therefore, for n € N we have

T =N "tzg = Axg, 19 = A1y = X2x0, R (2.24)
and
To1 = Alo, Tug =AT_1 = MNTo, ... ,T_pn=A\"Zy. (2.25)
As lim z, = 0, we have lim |z,| = 0. From (2.24), since [A\| = 1, it
n—00 n—oo
follows that |x,| = |xo| for all n € N and hence, lim |z,| = |zo|. Therefore,
n—oo

zo = 0 (the same conclusion can be obtained from (2.25) and the fact that
lim z_,, = 0) and so z; = 0 for all i € Z, i.e. x = 0. Consequently, A\ ¢

n—oQ

o,(W1), and hence SN o,(W7) = (). From (2.21) it follows that o,(W;) = (.

The equality 0,(W5) = 0 can be proved similarly.

Since the spectrum of every compact operator is mostly countable, we
conclude that the operators U,V € B(X) for each X € {co, ¢, 0, lp}, p > 1,
are not compact. Also Wy, Wy € B(X) for each X € {¢y(Z),0,(Z)}, p > 1,
are not compact.

For more about shifts we refer the reader to [1] and [2].
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